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The two-d imens iona l  p r o b l e m  of g rav i ty  waves on the in t e r f ace  between two nonviscous i m m i s c i b l e  l iquids 
with d i f fe ren t  dens i ty ,  confined between hor izonta l  p lanes  (bottom and top), was s tudied in [1] on the bas i s  of 
the second approx imat ion  of the theory  of shallow wate r .  It was p red ic t ed  the re  that  t h e r e  ex i s t  s t a t i ona ry  
pe r iod i c  waves,  s o l i t a r y  in te rna l  waves in the fo rm of a "hump" or  "hole," and s o l i t a r y  s t a t i ona r y  waves of a 
new type,  which a r e  c h a r a c t e r i z e d  by a smooth monotonic t r ans i t i on  of the in te r face  f rom one constant  level  
to another  and a r e  ca l led  smooth  b o r e s  [2]. The p a r a m e t e r s  of these  waves d i f fer  f rom those  of o ther  s t a t ion -  
a r y  t r a n s i t i o n s  of th is  type:  hydrau l ic  jumps  [3, 4], wave jump [5], and monocl ina l  wave [6], obtained based on 
the f i r s t  approx imat ion  of sha l l ow-wa te r  theory .  Smooth bo re s  have not been p rev ious ly  p red ic t ed  t h e o r e t i c a l l y  
and have not been o b s e r v e d  expe r imen ta l l y ,  so that  i t  i s  of g rea t  i n t e r e s t  to s tudy them expe r imen ta l ly .  

Waves  in the fo rm of a smooth bore  in the undis turbed s ta te  of a liquid at r e s t  were  f i r s t  r e a l i z e d  mid 
s tudied in [2]. In th is  p a p e r  the main at tent ion is devoted to the ana lys i s  of the behavior  of such waves on a 
shea r  flow and accompanying  re f l ec t ion  f rom a v e r t i c a l  wall.  

The e x p e r i m e n t s  were  p e r f o r m e d  on two expe r imen ta l  se tups ,  d i a g r a m s  of which a r e  p resen ted  in F ig .  
l a  and b. In the setup a the bot tom liquid (water with dens i ty  Pl = 1 g / c m  3 and v i scos i ty  ~1 = 0.0108 cm2/ sec )  
in the undis turbed s ta te  moved with a constant  veloci ty  and depth. The top liquid (kerosene  with p = 0.8 g / c m  3 
and v = 0.0162 cm2/sec)  r ema ined  v i r tua l ly  s t a t iona ry .  Only weak c i r c u l a t o r y  motion, owing to f r i c t ion  aga ins t  
the in t e r f ace  s e p a r a t i n g  the l a y e r s ,  was obse rved  in it. The to ta l  depth of the liquid H = 6 cm, and the working 
p a r t  of the setup is 250 cm long and 18 cm wide. 

Waves  were  gene ra t ed  by the b a r r i e r  1, s i tua ted  at the out le t  f rom the working region  of the setup and in 
the s t a r t i ng  s t a t e  extending above the bottom of the channel to a height b 1 (Fig.  l a ) .  Af te r  s t a t i ona r y  flow of 
the bottom liquid with a veloci ty  u 1 and depth h 1 was e s t ab l i shed  in the channel the b a r r i e r  r ap id ly  moved up 
to the height b 2 upwards  (accompanied by genera t ion  of waves of a r i s e  in level) o r  downwards (accompanied 
by genera t ion  of waves of a lower ing  of the level) .  At the s ame  t ime  a d i s tu rbance ,  which can t r a n s f o r m  into 
a smooth  bore  only for  a def ini te  value of the depth h 2 uniquely r e l a t e d  with b 2, p ropaga te s  u p s t r e a m  along the 
flow. 

The waves r e a l i z e d  in the e x p e r i m e n t s  were  compared  with the p r e d i c t i o n s  of the theory  accord ing  to 
four  indicatiom,~. The f i r s t  was the fac t  tha t  with an ins igni f icant  devia t ion  f rom the value of h 2 indica ted  by the 
model  of [1] the wave genera ted  e i the r  is app rec i ab ly  u n s y m m e t r i c  or  i t  is  nonmonotonic: s i g n - a l t e r n a t i n g  
waves ,  t yp ica l  for  a wave- jump,  appea r  on the in t e r face .  The second indica t ion  was the independence of the 
ve loc i ty  of p ropaga t ion  of the smooth bore  v f rom i ts  ampl i tude  h 2 - h I. Two more  indica t ions  were  obtained 
by a d i r e c t  c o m p a r i s o n  of the expe r imen t a l  and computed da ta  on the veloci ty  and prof i le  of the wave. 

In the e x p e r i m e n t s  these  data  were  obtained by two e l e c t r i c a l  conduct ivi ty p robes  2 (Fig.  1), p laced  at  a 
d i s t ance  x 0 and x 0 + ~x f rom the wave gene ra t o r .  The p r inc ip l e  of convers ion  of the osc i l l a t i ons  of the i n t e r -  
face  into an e l e c t r i c  s igna l  i s  based  here  on the fact  that  s l igh t ly  sa l ine  wa te r  i s  a good conductor ,  while k e r o -  
sene  is  a good d i e l e c t r i c .  The convers ion  was l i n e a r  and sa t i s f i ed  the n e c e s s a r y  r e q u i r e m e n t s  imposed  on the 
s ens i t i v i t y  and s p a c e - t i m e  reso lu t ion .  More  de ta i l ed  in format ion  about the p robes  is  given in [7]. 

The ve loc i ty  of p ropaga t ion  of the wave v was de t e rmined  f rom the t r a n s i t  t ime  of a c h a r a c t e r i s t i c  point 
h 0 = (h i + h2)/2 on the wave p ro f i l e  ove r  a d i s tance  Ax. Repeated m e a s u r e m e n t s  under  the same  condit ions 
showed that  the e r r o r  in the m e a s u r e m e n t  of v did not exceed 3%. Here  the function h(x, t) (t is  the t ime) is  
ca l led  the wave prof i l e .  F o r  a s t a t i ona ry  wave h(x, t) = h(x + vt), which makes  it poss ib l e  to conver t  the d e -  
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pendenee h(t), obtained with the help of a s ta t ionary  probe and giving information about its variation at a fixed 
point x, into the dependence h(x), which would be observed in a coordinate sys tem moving together  with the wave. 
The experimental  data presented below are presented previously  in this form. 

The second setup (see Fig. lb) was used to study the behavior of the smooth bore as it is reflected from 
a ver t ical  side wall. It consisted of a channel, closed at the ends, 192 cm long, 20 cm wide, and 6 cm high, 
separated by an impenetrable b a r r i e r  1 into two equal par ts .  In the undisturbed state both fluids were at res t .  
To generate  waves a level drop Ah = 2(h 2 - h i) was crea ted  at the ba r r i e r .  The b a r r i e r  was quickly removed,  
and smooth bores  propagated on both sides of it (rising of the level to the left and lowering of the level to the 
right). A s t r ic t ly  determined depth of the bottom liquid after  passage of the smooth bore h 2 = H/(1 + 
was predicted in [1] for  a fixed depth H and density ra t io  ~. = p / P l .  By varying Ah in o rder  to find waves with 
different amplitude h 1 must  also be varied in a corresponding manner.  

Under the conditions of the experiments  of [1] we obtain the following express ions  for  the depth of the 
bottom liquid behind the bore Y2 = h2/H and its velocity V = v/(gH) 1/2 (g is the accelera t ion of gravity): 

i +F1 V ~  V~ Y~ = V = F1 -- 
t + V i -  ' t + V ~ "  

where F 1 = ul/(gH)l/2; p = 1 - ~ .  The profile of the wave in [1] can be found approximately by solving the 
s tar t ing differential equation and is given by the formula  

(i) 

Y2~'Yl 
Y -- "---T--- + ~ th /~ , .  (2) 

Here x ,  = x / H ;  y = h /H;  Yl = h~/H; k is a p a r a m e t e r  which depends on Yl and Y2. Computer  calculations of 
the wave profi le showed that (2) is virtually identical to its exact expression,  so that the calculations car r ied  
out based on (1) and (2) a re  compared with the experimental  data. 

When both liquids are  initially at r e s t  F 1 = 0 (Fig. lb),  the depth of the bottom liquid after  the passage of 
the wave and its velocity are  determined by the formulas  

y~ = t/(~ + V~), v = - V ~ I ( I  + Y~). 

This smooth bore gives r i se  to a shear  flow with velocit ies F 2 = [(Y2 -Yl)/Y2] V, F~ =-[(Y2 - Y l ) / (  1 -Y2)]V of 
the bottom and top liquids, respect ive ly  [F 2 = u2/(gH) 1/2, F~ = u~/(gH)l/2]. The reflected wave now moves 
along such a shear  flow, and if it r emains  a smooth bore,  we obtain y~ = 2y 2 - Yl and V T = - V  for  the depth of 
the liquid behind it y~ = h~/H and its velocity V v = vV/(gH) 1/2 f rom [1]. The profi le of the ref lected wave is de-  

b t scr ibed by the express ion (2), in which Y2 must  be replaced y Y2 and Yl by Y2 (including also in the express ion 
for  k). 

We were able to match the conditions for  ca r ry ing  out the calculations and the experimental  conditions 
with respec t  to all p a r a m e t e r s  of the problem, except for  the viscosi ty of the liquid and the surface tension at 
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the in t e r face .  The su r f ace  tens ion  has  v i r tua l ly  no effect  on long waves and at the s ame  t ime  p lays  an i m p o r t -  
ant pos i t ive  r o l e  [2, 8]. The v i scos i ty  l eads  to the fact  that  in the expe r imen t s  the depth of the bottom liquid 
behind the smooth  bore  h 2 changes s lowly.  The re fo re  the t heo re t i c a l  solut ion is  r e a l i z e d ,  s t r i c t l y  speaking,  at  
one moment  in t ime  and the expe r imen ta l  value of h 2 does  not exac t ly  coincide with the t heo re t i ca l  value in a l l  
i l l u s t r a t i o n s  p r e s e n t e d  below. But if  the e x p e r i m e n t a l  value of th is  depth is  used in the ca lcu la t ions ,  then (2) 
d e s c r i b e s  well the wave p ro f i l e .  In ca lcu la t ing  al l  the p r e sen t ed  t h e o r e t i c a l  p ro f i l e s  of smooth  bo re s  i t  i s  p r e -  
c i s e ly  the expe r imen t a l  value h 2 that  was employed.  

Informat ion  about the evolution of a smooth bore  in a v iscous  liquid i s  contained in Fig .  2, which shows one 
and the s ame  wave of r i s i n g  level  p ropaga t ing  to the left .  Here  and in the r ema in ing  f igures  the o r ig in  of the 
coo rd ina t e s  on t h e x  axis  is  pos i t ioned at  a point at which y = (y~ + y2)/2; the l ines  show the ca lcu la t ion  based 
on the formula. (2) and the dots show the expe r i m e n t a l  data.  F o r  a depth and veloci ty  of the incident  flow Yl = 
0.475 and F 1 = 0.154, we obtain for  the depth of the bottom liquid af te r  pa s s a ge  of the wave and i ts  veloci ty  f rom 
(1) Y2 = 0.685 and V = - 0 . 1 5 3 .  In the expe r ime n t  the veloci ty  of p ropaga t ion  was the s a m e  as the depth of the 
bottom, liquid 0.683 and 0.671 at a d i s t ance  x0 /H = 13.3 (the curve  I and the b l a c k - c o l o r e d  points) and (x0+Ax) /H = 
17.5 (the curw ~ . 2 and the l i gh t - co lo r ed  points) ,  r e s p e c t i v e l y .  

F i g u r e  3 shows two smooth bo re s  of r i s i n g  level  in the p r e s e n c e  of an in i t ia l  veloci ty  s h e a r  between the 
l a y e r s .  The p robe  f r o m  which the expe r imen t a l  da ta  were  obtained l i es  at  a d i s tance  X0/H = 13.3 f rom the 
wave g e n e r a t o r .  Curve 2 and the b l ack  points  were  obtained for Yl = 0.475 and F1 = 0.154, the  theory  gives  Y2 = 
0.685 and V = - 0 . 1 5 3 ,  and expe r imen t  g ives  0.683 a n d - 0 . 1 5 3 ,  r e spec t i ve ly ;  t hecu rve  1 and the l i gh t - co lo r ed  
points  were  obtained for  y~ = 0.583 and F I = 0.188, the theo ry  gives  Y2 = 0.729 and V = - 0 . 1 3 8 ,  while expe r imen t  
g ives  0.727 and -0 .137 .  

F i g u r e  4 c o m p a r e s  the expe r imen t a l  and computed p a r a m e t e r s  of the  inc ident  and r e f l ec t ed  waves.  The 
t r a c i n g  was obtained f rom the s a m e  probe ,  lying at a d i s tance  x0/I-I = 12 f rom the b a r r i e r .  The veloci ty  of 
p ropaga t ion  of the wave in the expe r imen t  was ca lcu la ted  f rom the t ime  r equ i r ed  for  i t  to t r a v e r s e  the d i s tance  
f rom the probe  to the wall  and back.  Curve  2 and the b lack  points  r e f e r  to the incident  wave, p ropagat ing  to the 
left ,  and curve  1 and the l i g h t - c o l o r e d  points  r e f e r  to the r e f l ec t ed  wave, moving to the r ight .  Here  Yl = 0.280; 
the t heo ry  g ives  Y2 = 0.528, y~ = 0.776, l V I = 0.236, and expe r imen t  g ives  0.522; 0.756; 0.230, r e s pe c t i ve ly .  

The ampl i tude  of the smooth b o r e s  gene ra t ed  in the e x p e r i m e n t s  cannot be too high, s ince  they genera te  
a ve loc i ty  s h e a r  between the l a y e r s  which i n c r e a s e s  as  the ampli tude of the wave i n c r e a s e s .  In the absence  
of su r f ace  tens ion  any s h e a r  flow is  uns table .  Under the condit ions of the e x p e r i m e n t s  the su r face  tens ion at  
the in t e r f ace  (u = 34 d y n e s / c m )  s u p p r e s s e d  the appea rance  of the K e l v i n - H e l m h o l t z  ins t ab i l i ty  to a veloci ty  
d i f fe rence  of 19 c m / s e c  [8]. F r o m  [1] we obtain in d i m e ns i on l e s s  fo rm for  the veloci ty  s h e a r  a r i s i n g  between 
the l a y e r s  

Au = ' V V  (g2 - -  Yl) 
(3) 

F o r  a suf f ic ient ly  l a r g e  ampl i tude  of the smooth bo re  the ve loc i ty  s h e a r  behind i t  will be g r e a t e r  than the c r i t i -  
ca l  s h e a r  and an ins t ab i l i t y  will  develop.  

F i g u r e  5 shows the t r a c ing  of a smooth bore ,  r e c o r d e d  on an automat ic  p lo t t e r ,  of r i s i ng  level ,  p ropagat ing  
to the left ,  for  ~ = 0.8, H = 6 cm. At the s a m e  t ime ,  accord ing  to (3), the veloci ty  s h e a r  which a ppe a r s  Au = 
23.3 c m / s e c  i s  g r e a t e r  than i ts  l imi t ing  value.  Shor t -wave leng th  d i s tu rbances ,  c h a r a c t e r i s t i c  for  the K e l v i n -  
Helmholtz  ins tab i l i ty ,  a r e  v i s ib le  behind the smooth bore .  
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In conclusion we point out that  in hydrodynamics  it  i s  r a r e l y  poss ib le  to obtain analyt ical  solut ions and 
to r e a l i z e  s imul taneous ly  the phys ica l  p r o c e s s  agree ing  with these  solutions with the accu racy  i l lus t ra ted  by 
the expe r imen ta l  data  p resen ted  above. 

I thank L. V. Ovsyaanikov and V. I. Bukreev  for  his  ini t ia t ive in providing the exper imen ta l  data  and a 
useful  d i scuss ion  of the r e s u l t s  obtained. 
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